The Talbot-Ogden hydrology model provides a fast mass conservative method to compute infiltration in unsaturated soils. As a replacement for a model based on Richards equation, it separates the groundwater movement into infiltration and redistribution for every time step. The typical feature making this method fast is the discretization of the moisture content domain rather than the spatial one. The Talbot-Ogden model rapidly determines how well ground water and aquifers are recharged only. Hence, it differs from models based on advanced reservoir modeling that are uniformly far more expensive computationally since they determine where the water moves in space instead, a completely different and more complex problem.
INTRODUCTION
There are serious water shortages nowadays because groundwater is used faster than it is actually replenished. Unsaturated flow is important for studying groundwater recharge and keeping the groundwater table at a reasonable elevation areally. Richards equation [1] is widely used to describe unsaturated flow in soils even though it is not the best model available. It is a mass-balanced version of Darcy's law [2] given by (1) where θ is water content, t is time, K is hydraulic conductivity, ψ is capillary pressure head, and z is the depth relative to the surface. The analytic solutions in closed-form expressions for the Richards equation only exist under circumstances such that K or ψ are in particular forms [3] [4] since both K and ψ are highly nonlinear functions of water content θ or the pressure head term h. If we rewrite Richards equation in pressure-based form as (2) then the two functions Coeff 1 (h) and Coeff 2 (h) are highly nonlinear functions of h. According to [5] , the stability of many numerical methods is determined by the product of two constants, the Pécelt (Pe) and Courant numbers (Cr), whose expressions for this case are 
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To efficiently simulate infiltration in land of large scale over a long period of time, it is necessary to choose parameters satisfying (5) by estimating the longtime behavior of Equations (3) and (4), which is not straightforward even if software packages like Hydrus-1D allow the choice of minimum and maximum time steps ∆t min and ∆t max , respectively [6] . However, this can be a dilemma since it requires the computation to be stable, accurate, and fast. Nevertheless, Richards equation remains commonly used to calculate unsaturated flow even though far better models based on multiscale methods and advanced reservoir simulation exist.
Another widely used model to simulate infiltration is the Green-Ampt equation [7] , which is also derived from Darcy's law. Its vertical infiltration form is (6) where f is the infiltration rate, K s is saturated hydraulic conductivity, θ d is the maximum moisture content during infiltration, θ i is the initial moisture content, H c is the suction head of the wetting front, and F is the total infiltrated water measured by depth. This model assumes the existence of a sharp wetting front, which simplifies the computational algorithms and lowers the run time. It also generates errors in fluxes and depth estimates since it is too ideal as a deterministic model. Even in very homogeneous soil texture, finger shaped wetting fronts can exist [8] .
The Talbot-Ogden model [9] is proposed by discretizing the entire water content domain into vertical bins, which are available to conduct flow in soils. In the meantime, it keeps one vertical spatial dimension. Those bins enable this model to quickly compute the infiltration in a large area for long time periods. Figure 1 shows this discretization in detail. From the initial moisture content θ i to the effective porosity θ e , there are n bins indexed by k with equal bin width ∆θ. The midpoint value (k -1)∆θ + ∆θ/ 2 represented by θ k is the moisture content of the k-th bin, and the depth of its saturated wetting front is z k . The residual moisture content is θ r . The rightmost saturated bin is θ d . Applying the Green-Ampt model, the cumulative infiltration is
If we let f = dF/dt in (6), then we obtain the vertical infiltration formula by substituting (7) into (6):
Based on (8) , the front of the k-bin grows [9] as (9) In (9), θ d can move with the marching of time. The vertical movement of water in each bin is exactly governed by (9) . For each time step, redistribution [9] occurs after infiltration due to capillary pressure that governs the horizontal movement of water along the moisture content domain. However, the uniform discretization of the moisture content domain may not be realistic because different bins are considered equally under this discretization. A different quantity of pores implies a different infiltration behavior. The results demonstrated in [10] and [11] confirmed that pore sizes roughly obey a lognormal distribution that directly leads to the conclusion that porosities cannot be modeled by a uniform distribution. To more accurately describe this phenomenon, we extend the original Talbot-Ogden model to a model with a two dimensional moisture content domain. Therefore it is possible to describe any pore size distribution as a result of the particle size distribution. Construction of the moisture content function of two variables is described in Section 2. The vertical infiltration and directional water flow in the extended model are stated in Section 3. A numerical application is given in Section 4. Conclusions are in Section 5. 
CONSTRUCTION OF THE MOISTURE CONTENT FUNCTION
The criterion to distinguish different soil systems is the percentage of sand, clay, and loam in soil [2] . Even for one type of soil, this percentage may vary. For example, loam may be classified further into silt loam, clay loam, and so on. Then within silt loam, soils can be further differentiated, e.g., in terms of particle sizes and distribution. Moreover, different particle distributions also lead to different pores sizes [10] , [11] , [12] . If particles obey a lognormal distribution, then so do porosities. Even when moisture content or porosities do not exactly follow the same distribution as particles, they are closely related.
The present study will not determine the relationship between them and only examines unsaturated flow in a soil with a given pore size distribution. Porosity is represented by a number between 0 and 1, denoting the ratio of the volume of voids to the total volume. For example, this idea is demonstrated in Figure 2 . The volumes of air, water, and soil are denoted by V w , V a , and V s respectively. The moisture content θ is (10) and the porosity is (11) For convenience, we use θ to denote either moisture content or porosity. From (10) and (11), the moisture content θ can vary from 0 up to the porosity. In the Talbot-Ogden model, θ is a measure of the void space in a material that Figure 2 . Volume of air, water, and soil particles in a unit lump of soil.
can be taken up by water, but it does not reflect the construction of bulk space or the possible amount of big or small pores in the soil. However, it does provide a method to measure porosity when approximate shapes of different pores are considered.
If the quantity of pores of different sizes is modeled, then a method to determine their differences should be developed. Therefore, rather than merely describing the proportion of a void space with one variable θ, two variables can be used for distinguishing void spaces in soil even if two different voids correspond to the same moisture content or porosity. Insights into this idea are shown in Figure 3 . Note that the moisture content domain is two dimensional (2D) and the three dimensional (3D) case can be extended in the same way.
The real geometry of a lump of soil is similar to that shown in Figure 3 . Describing the real geometry and connectedness of pores in an actual soil sample is extremely complicated and involves complex data structures, multiscale methods, and more. However, a probability distribution based on pore sizes and approximate shapes provides a major simplification while still maintaining accuracy. In this case, regular shapes such as rectangles or ellipses are used to cover any local void spaces occupied by air or water as shown in the void is obtained by summing their areas. This case indicates that one rectangle or ellipse usually does not match the local porosity, but the porosity distribution based on pore sizes can be approximated by a covering composed of sufficiently many different rectangles and ellipses. While only one shape is enough to complete the cover [13] , two or more shapes provide more flexibility to cover different pores. If a unit lump of soil with some water and air in it is taken, the space occupied by water and air can be approached by regular shapes like rectangles or ellipses. Thus, the numerator in (11) can be established, whereas its denominator should be determined by the area of this unit lump in the two dimensional case. Without loss of generality, any concrete soil lump is assumed to be either an ellipsis or a rectangle. Moreover, we set the rule that the volume of any local void space in a lump of soil can be covered by either a set of suitable ellipses or rectangles.
With the above hypotheses, developing an affine function (of two or three variables) by splitting θ is possible. Figure 4 shows the process of measuring the volume of the void space in a lump of soil.
First, in the rectangle case, the process begins with randomly taking a line segment with length a in the horizontal direction and another one with length b in the vertical direction. Second, measure the void space restricted by a in the horizontal direction, denoted by aθ x , where θ x represents the proportion of the horizontal length of the void space to the whole length a. Similarly, the other measure θ y in the vertical direction can be obtained.
The volume of the soil lump is
The volume of its void space is (13) Let θ represent the ratio of the void space to the total volume, so it can be calculated by (14) For the ellipsis case the process is nearly identical except that a ′ and b ′ are used to denote the length of the major and the minor axes, respectively. The area of the outside ellipsis, which represents the volume of soil is Two regular shapes are used because many models in this field treat pores as rectangles, circles, or ellipses if they are small enough, and with more shapes in the model, complex circumstances can be better covered. Note that we consider a circle to be a special case of an ellipse.
Therefore, each of the porosity axes just represents the percentage of the void space within a unit length of soil in either the x or y directions. Since , Figure 5 (b) is the constructed moisture content domain we are interested in. It is also possible to select some part of this belt area as a useful subdomain to do multiscale analysis. The vertical θ axis will be replaced later by a vertical spatial axis to form the actual space where this extended model is based.
MOVEMENT OF WETTING FRONTS 3.1. Infiltration
Based on the affine two dimensional moisture content domain, the model for movement of groundwater must be adjusted. First, the domain for the model must be defined. The domain consists of three dimensions: two moisture content dimensions and one space dimension. The current work inherits the key idea in the original Talbot-Ogden model in which the movement of water is along two perpendicular directions that correspond to infiltration and redistribution, respectively. All of these are due to the discretization of the moisture content domain as a bundle of bins. Figure 6 shows the discretization of the moisture content domain consisting of two axes θ x and θ y . Note that ∆θ x ≠ ∆θ y is allowed. Every rectangle represents the moisture content of one bin. The grids in Figure 6 are geometric centers of every rectangle and are used to calculate the local moisture content θ. For example, the moisture content of the right bottom bin in Figure 6 is calculated by (19) as in (14) . Figure 7 is different from Figure 5 (a) since it has one spatial dimension for the depth of the bin front.
Based on the extended model, the properties of the soil cannot be changed so that quantities like θ i , θ r , θ e , K s (hydraulic conductivity), and ψ b (bubbling pressure) remain the same if the soil texture is fixed. Therefore the only variable to change is the bin width ∆θ, which directly affects the number of bins. Although the moisture content domain is 2D, the interval where water movement occurs is [θ i , θ e ]. Therefore the important process is to discretize the "belt" area ( Figure 5(b) ) into bins. The number of bins is determined by forming the mesh in the moisture content domain. Then bin width ∆θ is equal to the ratio of θ e −θ i to the number of bins restricted in the interval [θ i , θ e ]. Infiltration and redistribution can then be examined. where θ -d is the average moisture content value of the rightmost bins of every row. Each row corresponds to the same θ y but a different θ x . Every rightmost bin is assumed to have an equivalent effect on the vertical movement of the kth bin, as described in (20) since the moisture content of every rightmost bin approximately lies on the same hyperbolic curve that represents identical porosities. This condition is attributed to the occurrence of infiltration from bins with smaller porosities to those with larger ones so that bins with the same θ value have an equal chance to attract the surface water regardless of their θ y or θ x . Thus, the product of θ y and θ x dominates this process as motivated by groundwater physics.
Directional Redistribution
As a process independent of infiltration, redistribution in the Talbot-Ogden model occurs under the condition that the wetting front of at least one bin is deeper than that of another bin to its left, i.e. water in large pores will enter smaller pores due to capillary pressure. In this extended model, the same principle is obeyed.
In the 2D moisture content domain, porosity is divided by a number of hyperbolic curves θ = θ x θ y . Therefore all bins on the same hyperbolic curve have the same moisture content θ but usually have different components θ x and θ y . If redistribution occurs, the movement of water should be along the direction from the top right to the bottom left, which is generally the decaying direction of the moisture content θ.
In Figure 8 , the left graph shows that there is some redundant water in the red bin to be redistributed. The right graph in Figure 8 shows the direction where this redundant water goes. Suppose the red bin corresponds to the moisture content on that curve in the right graph. It invokes the redistribution along the direction of the gradient at the point of that curve. Theoretically, the redundant water may go to any bins whose porosities are smaller than the red one. However, it most likely follows the gradient direction. This phenomenon is attributed to the gradient that represents the direction along which the porosities decay at the fastest speed. It is also the direction in which the capillary pressure decreases quickest. Hence, water redistributes along this direction.
Another important reason for such directional redistribution is the assumption that all pores are well connected. Thus, the probabilities of any possible bins with the same porosity receiving the redistributed water are identical, but the water tends to enter smaller pores using the least energy. The gradient denotes the direction satisfying this condition. Figure 9 shows the heights of all bins at t = 1.5 hours. The wetting fronts decrease from bins with larger porosities to bins with smaller porosities, which is consistent with the original Talbot-Ogden model. 
Numerical Experiments

CONCLUSIONS
In this paper, we have extended the basic one moisture content dimension Talbot-Ogden model to a two dimensional moisture content domain. The extended model constructed a function to calculate porosity and moisture content based on the development of a 2D moisture content domain. For the infiltration phase, it inherits the same formulation as in the Talbot-Ogden model. However, the phenomenon of directional redistribution in the extended model has been studied as the major difference from that in the original Talbot-Ogden model. We mathematically described the exact direction of the redistribution. In fact, the directional redistribution also occurs in the one dimensional Talbot-Ogden model since the direction of redistribution is from right bins to left bins, which is in fact represented by the negative gradient. But it is not discernible in the one dimensional moisture content domain. A numerical experiment in silt loam shows this process. The discretization of the moisture content domain may affect the infiltration simulation because it leads to a different porosity distribution.
Our future work will focus on this topic and reveal the relationship between porosity distribution and the infiltration. In order to achieve this, more numerical experiments in different soil textures need to be taken.
